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Section A — Analysis (9 Marks)

Prove (the statement is correct) or disprove (the statement is wrong) the following
statements below. If you want to prove it, provide the proof or at least a convincing
argument. If you want to disprove it, provide at least one counter example. 3 marks per each
statement below (1 mark for saying correct/wrong, 2 marks for explanation):

1. We can build a connected, directed and positively weighted graph of 4 vertices and 6
edges such that performing bellman ford will result in >= 19 relaxations.

2. Given an undirected and connected graph, if the weight of the shortest path from vertex
s to vertex x, i.e s~ > x, is smaller than the weight of the shortest path from s to every
other vertex, and the weight of the shortest path from vertex t to vertex x,i.et ~ > x
is smaller than the weight of the shortest path from t to every other vertex, then the
shortest path from s to t mustbes ~ > x ~ > tin all cases.

3. There are no graphs where the SSSP spanning tree is also the same as the MST (in terms
of the edges used).
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For Section B, Partial marks will be awarded for correct answers which do not meet the time
complexity required (or if the required time complexity of not given, then any correct answer
that is less efficient than the lecturer's answer) . You can write in pseudo-code. Provide
enough details to all user defined DSes/algorithms/modifications to taught DSes and
algorithms so as to show understanding of the solution, but also try be as concise as possible,
writing more will take more time and possibly make more mistakes!

Section B — Application (31 Marks)

4. Colored paths [16 marks]

City Z is a very unique city. Its roads are painted either red or blue. Junctions and roads
of Z can be represented as an undirected weighted graph, where in addition to the
weight (positive value), an edge which represents a road also has an extra parameter
color which indicates what color the road is. An example is shown below

a) If a person wants to get from some source vertex X to some destination vertex Y,
and only wants to take a path where the roads are only of a certain color K, give the
best algorithm you can think of to find the shortest path from X to Y given the
above restriction. If there is no such shortest path return infinity. Analyze the time
complexity of your algorithm in terms of IV and E the number of vertices and edges
in the graph respectively. [8 marks]
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b) Now another person wants to get from some source vertex X to some destination
vertex Y, but she only wants to travel a path where the edges alternate in color
starting from a red edge (i.e red,blue,red,blue...). Now give the best algorithm you
can think of to find the shortest path from X to Y given the above restriction. If
there is no such shortest path return infinity. Analyze the time complexity of your
algorithm in terms of VV and E the number of vertices and edges in the graph
respectively. [8 marks]
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Portal [15 marks]

Dhell wakes up to find himself trapped in a strange building which consists of only 1 floor.
He suddenly realizes that he has knowledge of the layout of the building. The building
consists of M rooms where 3 < M < 100,000. Adjacent rooms are connected to each
other by a door, through which Dhell can move between the two room. The time to move
from a room 7 to an adjacent room r’ and vice versa is the time for the automatic door
connecting 7 and 7’ to open (the door will immediately close once Dhell has move
through it). There are N doors in all, where M —1 < N < 1,000,000. There is also
always some way to get from one room to another.

Dhell is stranded in room A and he needs to get to the lobby B (also a room) which
contains a portal to exit the building. However with his mysterious knowledge of the
layout of the building, he knows there is a sequence of rooms R = {A,ry,...1%, B},
where 1 < k < M — 2, which he needs to visit before the portal will open in lobby B,
and he can escape.

Dhell can go through other rooms as many times as he wants as long as the rooms in R
are visted exactly once and in the order they are given.

In example 1 below, if R = {2,3,4,1} Dhell (who will start at 2) can escape by going
through the rooms 2,6,7,5,3,4,8,1 in order to escape. However, 2,4,3,4,8,1 is not a valid
escape path since 4 is first visited before 3 and then it is visited again after 3. Note this is
just an example, the rooms might not be square!

6 7 5
2 4 3
8 1
Example 1

In example 2 below, if R = {2,3,4,1} again, there is no way for Dhell to escape since he
has to reach room 4 before room 3.

Example 2
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Assume Dhell has knowledge of all the rooms in the building, which rooms are adjacent
to each other and the time taken for each of the doors to open. Assume he also has
knowledge of the sequence of designated rooms R that must be visited before he can
escape.

a) Now model this as a graph problem and give the best algorithm you can think of to
compute the shortest time for Dhell to escape the building. If there is no way to
escape the building, return -1. [8 marks]
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After escaping the building (so there is way to escape ...), Dhell has put this strange
experience behind him. However, one day he suddenly woke up to find himself back in
a room of the building! He once again mysteriously has knowledge of the layout of the
building, and he realizes the rules to escape has changed.

The layout is still the same as before, but this time, in order to get from his starting room
A to the lobby B, he only has to go through one particular room C. Dhell can move
through other rooms as many times as he wants but can only move through rooms A,C,B
once and in that order. In addition, the longest time taken by any other door he opens
while trying to move from A to B must be minimized.

b) Using the same graph modeling as for a) give the best algorithm you can think of to
compute a valid path he needs to take to get from A to B such that the portal will
open. You may assume there is at least one such path. [7 marks]
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== END OF PAPER ==
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